Given an inclusion B ⊂ F of (graded) local nets, we analyse the structure of the corresponding inclusion of scaling limit nets B 0 ⊂ F 0 , giving conditions, fulfilled in free field theory, under which the unicity of the scaling limit of F implies that of the scaling limit of B. As a byproduct, we compute explicitly the (unique) scaling limit of the fixpoint nets of scalar free field theories. In the particular case of an inclusion A ⊂ B of local nets with the same canonical field net F, we find sufficient conditions which entail the equality of the canonical field nets of A 0 and B 0 .
Introduction
Local quantum physics is an approach to Quantum Field Theory (QFT) based only on observable quantities [19] . It has been very successful in the mathematical description of superselection sectors and of the global gauge group of a given QFT [17] . Also, the mathematical tools that are available in this setting are well suited for providing a detailed analysis of subsystems, an issue that is central in order to obtain an intrinsic description of the observable system one starts with [12, 10, 11] . In another direction, the recently proposed algebraic approach to the renormalization group [8] (see also section 2) has opened the possibility of studying the short distance limit in the local quantum physics framework, and has started to convey new insight into our understanding of physically relevant issues such as confinement of colour charges and renormalization of pointlike fields [3, 14, 1] .
Dealing with the general problem of understanding the scaling limit A 0 of a given local net A, it is natural to ask whether there exists an efficient way to compute it in practical situations.
Loosely speaking, starting with a given local net, one would like to mod out the degrees of freedom that play no role at short scale, and obtain a smaller and hopefully simpler net which has the scaling limit of the net we started with. In turn, it is unlikely that a local net always contains a "large" subnet containing the whole information about scaling, however the notion of convergent scaling limit that we use at some crucial point of the main text is clearly an evolution of this naive idea. In fact, the very concept of the scaling algebra involves some redundancy in the choice of the scaling functions (as shown by the presence of a big kernel of the scaling limit representation), so that one could expect that, at least in particular cases, the consideration of some appropriate subalgebra of the scaling algebra would suffice.
It might also be the case that one knows that the given local net can be realized as fixpoints of a larger net, and then wonder if the scaling limit of the fixpoints can be computed as the fixpoint of the scaling limit.
In both cases, we are thus led to the problem of comparing the scaling limit of a system with that of a subsystem, and this paper came out as an attempt to understand this relationship.
It has been shown in [8] that, for a given theory A, there are only three possibilities: either A has a trivial scaling limit, or a unique non trivial one, or several non-isomorphic ones. In the case of a subsystem A ⊂ B the situation is slightly more complicated, but one of our most basic observations is that there always exists a bijective correspondence between the sets of scaling limit states of A and B, and that for the corresponding scaling limit nets A 0 and B 0 one has a subsystem A 0 ⊂ B 0 . In this situation it seems natural to expect that if B has a unique scaling limit, the same should be true for A, at least under suitable assumptions. In section 2 we provide a criterion for this to happen, and use it to show that fixed point nets in free field theory have a unique scaling limit.
Another aspect of the problem is to study the inclusions A 0 ⊂ B 0 , and for instance one can ask whether it is possible to find necessary/sufficient conditions on A and B ensuring that
for every scaling limit state. At first sight, one could expect that the situation becomes somehow easier to handle if one knows that (A(O) and B(O) are factors and) [B : A] < ∞, but it has not really become important to employ this condition yet. In turn, the index of an inclusion is not necessarily preserved in the scaling limit, but there are cases in which the inequality [B 0 : A 0 ] ≤ [B : A] holds true. For instance, consider the free massive scalar field and its Z 2 -fixpoints. In this case, after scaling the index remains the same, as shown in section 2. On the other hand, tensorizing the Lutz model [21] with a massive free field one gets that the index of the scaling limit is smaller than the original one [15] . Also, the relation [B 0 :
A] is compatible with equation (3) below.
Tensor products provide simple examples of subsystems, for which some questions can be answered. For instance, let us assume that A 2 has trivial scaling limit. 1 It is then natural to ask under which conditions the scaling limits of B := A 1 ⊗ A 2 and A := A 1 ⊗ C ≃ A 1 satisfy equation (1) . A set of sufficient conditions for this to happen, expressed in terms of nuclearity properties, has been found in [15] . The fact that nuclearity plays a role in this context is not surprising, as it provides invariants which depend on the localization region, and therefore should be able to encode the fact that A(O) and B(O) become "closer" at small distances.
Notice also that a certain (graded) tensor product decomposition plays a critical role in the classification of subsystems in [10, 11] .
This work heavily relies on the DR-reconstruction [17] : given an observable net A, there exist a canonical field net F(A) and a compact group G(A) of automorphisms of F(A) such that A = F(A) G(A) (therefore A is a subsystem of F(A)). Some functoriality aspects of the reconstruction have been investigated in [12] , and a classification result for subsystems of F(A) has been obtained in [10, 11] .
The study of the scaling limits of A and F(A) is discussed in [14] . In typical cases, it holds
with G(A)/N = G(A 0 )/H. Here, N is the counterpart of the charges that disappear in the scaling limit, while H corresponds to the confined charges (i.e., those which appear only in the scaling limit). In section 3 we show
which is again a case in which (1) holds. Also, notice that here both nets involved satisfy (twisted) Haag duality.
In the remaining part of this work, we investigate the scaling limit of subsystems A ⊂ B of the form F K ⊂ F G , where F = F(A) = F(B) is a graded-local field net acted upon by the compact groups G ⊂ K. Of course, this situation includes the case of a field net and its gauge-invariant observable subnet recalled above, but, for example, also the subnet generated by the local energy-momentum tensor fits in. In this framework, we discuss the general relations between the groups appearing in equations (2), (3) associated to A and B. We then apply the results on classification of subsystems in [10, 11] to gain some insights on the structure of the inclusion A 0 ⊂ B 0 , and in particular on the relation between the canonical field nets in the scaling limit F(A 0 ) and F(B 0 ).
The content of this paper is as follows. In section 2 we show that for a subsystem A ⊂ B with a conditional expectation E : B → A there is a one-to-one correspondence between the sets of scaling limit states of A and those of B. This entails the somewhat curious fact that the sets of scaling limit states of any two theories are in bijective correspondence [15] . As another consequence, we show that the scaling limit of the Z 2 -fixed point net of the free massive scalar field coincides with the Z 2 -fixed point net of the free massless scalar field. Then we readily adapt the argument in order to deal with more general free fields. In section 3 we prove equation (4) . Finally in section 4 we present a detailed discussion of the scaling limit of subsystems of the form F K ⊂ F G , illustrating the main results with several examples.
Scaling limit for subsystems
We start by recalling some known facts to be used in the following, also to fix our terminology and notation. Definition 2.1. By a graded-local net with gauge symmetry we mean a quadruple (F, α, β, ω), where:
is a net of unital C * -algebras over double cones in Minkowski spacetime;
(ii) α is an automorphic action on F of a geometrical symmetry group Γ (the Poincaré group or its normal subgroup of translations) such that, for each double cone O, α γ (F(O)) = F(γ · O), γ ∈ Γ; (iii) β is an automorphic action on F of a compact group G commuting with α and such that, for each double cone O, β g (F(O)) = F(O), g ∈ G; (iv) ω is a pure state on F which is α-and β-invariant; (v) there exists an element k in the centre of G with k 2 = e such that, by defining
We need also a spatial version of the above concepts.
Definition 2.2.
A graded-local net with gauge symmetry in the vacuum sector will be a graded local net with gauge symmetry such that:
is a von Neumann algebra acting on the Hilbert space H; (ii) there is a strongly continuous unitary representation U of Γ on H such that α γ = Ad U (γ), and such that the joint spectrum of the generators of the representation of the translations subgroup R 4 ∋ x → U (x) is contained in the closed forward light cone; (iii) there is a strongly continuous unitary representation V of G on H commuting with U and such that β g = Ad V (g); (iv) ω is the vector state induced by a U -and V -invariant unit vector Ω ∈ H which is cyclic for the quasi-local algebra F = O F(O) (closure in the norm topology).
If G = {e, k} ∼ = Z 2 , we will simply speak of a graded-local net. In the particular case in which G is trivial (and therefore k = e), we will use the traditional notation A instead of F, and we will refer to the triple (A, α, ω A ) as a local net (in the vacuum sector if it applies). If (F, α, β, ω F ) is a gradedlocal net with gauge symmetry, then one obtains a local net by defining
Moreover, an Haag dual net will be a local net in the vacuum sector such that A(O) = A(O ′ ) ′ , where as usual A(O ′ ) is defined as the C * -algebra generated by the A(O 1 ) for all double cones
We recall the construction of the scaling algebra of a graded-local net with gauge symmetry in the vacuum sector F [8, 14] : we consider the C * -algebra of all bounded functions F : R + → F, with norm F := sup λ>0 F λ , endowed with the automorphic actions of Γ and G defined by
where
is the C * -subalgebra of the functions F such that
In the particular case in which F = A is a local net, the third condition above is of course void because of the triviality of G. We denote by F the quasi-local C * -algebra defined by the net O → F(O).
Remark 2.3. According to property 3. above, the scaling algebra F associated to (F, α, β, ω) depends on the action β of G. Since we do not require β to be faithful, it factors through an actionβ of G/N , where N := {g ∈ G : β g (F ) = F, ∀F ∈ F}, and one could consider the scaling algebraF associated to (F, α,β, ω). However, thanks to the fact that the canonical projection G → G/N is open, it turns out straightforwardly that actuallỹ F = F.
Next we introduce scaling limits. We define states ω µ , µ > 0, on F by ω µ (F ) := ω(F µ ), and we denote by SL(ω F ) the set of weak* limit points of (ω µ ) µ>0 . We shall write SL(ω F ) = (ω 0,ι ) ι∈I F , where I F is an appropriate index set. Each ω 0,ι will be called a scaling limit state of ω, 2 and we denote by (π 0,ι , H 0,ι , Ω 0,ι ) the GNS triple induced by ω 0,ι . According to the results in [14, sec. 3] , (F, α, β, ω 0,ι ) is a graded-local net with gauge symmetry, and by defining
one gets a graded-local net with gauge symmetry in the vacuum sector, called a scaling limit net of F. The notation ω 0,ι = Ω 0,ι , (·)Ω 0,ι will be systematically employed in the following.
For a general analysis of the notion of subsystem see [24, 20, 12] .
, we say that they form an inclusion of graded-local nets, and write for brevity B ⊂ F, if:
Accordingly, when there is no danger of confusion, we will omit indices F, B and write simply α, k and ω. In the above situation, if (F, α F , β F , ω F ) is a graded-local net in the vacuum sector, it follows easily, by a ReehSchlieder type argument, that Ω is separating for F(O) for each O, and therefore it is clear that by restricting B(O), U F (γ) and V F (k) to H B := BΩ F ⊂ H F , one gets a graded-local net in the vacuum sector, which is isomorphic to (B, α B , β B , ω B ) (see e.g. [10] , top of page 93), and therefore it will be identified with (B, α B , β B , ω B ) when no ambiguities arise.
In the sequel, we also assume the existence of a conditional expectation of nets E : F → B, meaning that E is a conditional expectation on the quasilocal algebra F onto the quasi-local algebra B, which in restriction to every F(O) is a conditional expectation onto B(O), and such that α γ E = Eα γ , β k E = Eβ k and ω • E = ω. It follows from the last property that if B, F are in the vacuum sector, E restricts to a normal conditional expectation of F(O) onto B(O). Such a conditional expectation exists if, e. g., F and B satisfy twisted Haag duality on their respective vacuum spaces [12, sec. 3] (see also [20] ). Our setup includes in particular the case where F is a Doplicher-Roberts field net over a local net of observables B, so that E is obtained by taking the average over the compact global gauge group [17] . Now we wish to examine the possible relations between the scaling algebras F(O) and B(O) and the scaling limit states SL(ω F ) = (ω F 0,ι ) ι∈I F and SL(ω B ) = (ω B 0,ι ) ι∈I B associated to F and B respectively. It is clear that since F and B satisfy conditions (i)-(iii) of definition 2.4, the same is true for F and B. It is then easy to see that the map E defined on F by
is a conditional expectation of nets from F onto B, commuting with α and 
for all B ∈ B, and the map defined in the statement is injective.
Conversely, let ω F 0,ι ∈ SL(ω F ), ι ∈ I F . Then ω F 0,ι is a weak* limit point of (ω F µ ) µ>0 , and therefore ω B 0,ι := ω F 0,ι ↾ B is a weak* limit point of (ω
, and then
This also shows that the above defined map is surjective, concluding the proof.
As a consequence of the above proposition, E is a conditional expectation of the nets (F, α F , β F , ω B 0,ι • E) and (B, α B , β B , ω B 0,ι ). Also, denoting by π B 0,ι and π F 0,ι the scaling limit representations defined by ω B 0,ι and ω F 0,ι = ω B 0,ι • E respectively, we see that π F 0,ι is the representation induced from π B 0,ι via E. Remark 2.6. It follows form the previous result that if B ⊂ F, even without assuming the existence of a conditional expectation of F onto B the map ω F 0,ι → ω F 0,ι ↾ B induces a bijection between I F and I B . 3 In order to see this, assume, for simplicity, that B and F are local nets, and consider, as in [15, prop. 3.5] , the tensor product theory G := B ⊗ F, and the conditional expectations
According to the previous proposition, we have a bijection between I F and I G induced by ω F 0,ι → ω F 0,ι • E F , and a bijection between I G and I B induced by ω
where, with a slight abuse, we identify B with the (isomorphic) subalgebra of G consisting of the functions
The case in which B and F are genuinely graded-local nets can be handled in a similar way up to the replacement of the tensor product and of the slice maps with their Z 2 -graded versions.
In view of the above proposition, we indentify I B and I F and denote both simply by I, and for each ι ∈ I we denote by B 0,ι and F 0,ι the scaling limit nets obtained by the corresponding states in SL(ω B ) and SL(ω F ). Now one can show the existence of a conditional expectation on every scaling limit theory.
Proposition 2.7. Given an inclusion B ⊂ F of graded-local nets in the vacuum sector, there is, for each ι ∈ I, an inclusion B 0,ι ⊂ F 0,ι of scaling limit nets. Furthermore, if a conditional expectation of nets E : F → B is given, there exists a conditional expectation of nets E 0,ι :
Proof. Thanks to the Reeh-Schlieder property for F 0,ι , the net B 0,ι is iso-
In order to show the existence of the conditional expectation E 0,ι , we start by observing that, given
which, taking into account the above mentioned isomorphism, shows that the map π F 0,ι (F ) → π F 0,ι (E(F )) is well-defined and σ-weakly continuous, and therefore extends uniquely to a σ-weakly continuous map F 0,ι → B 0,ι which is easily seen to be a conditional expectation of nets.
The properties α
and ω 0,ι • E 0,ι = ω 0,ι follow at once from the analogous properties for E.
In order to prove (7), it is clear, by normality, that it is sufficient to prove
This is shown by choosing, for Φ ∈ H F 0,ι , a sequence B n ∈ π F 0,ι (B) such that B n Ω 0,ι converges to e 0,ι Φ, and then by evaluating
which gives the statement.
Remark 2.8. The above discussion carries over to the case where B ⊂ F is an inclusion of graded-local nets with gauge symmetry, meaning that condition (iii) in definition 2.4 is replaced by the following
where φ :
and there exists a conditional expectation of nets E :
For instance, this situation applies if N ⊂ G F is a closed normal subgroup, B := F N and E is the average on N , in which case one can assume G B = G F (and therefore φ = id), whose action factors through G F /N . 4 When N = G F , A := B is the local net of observables associated to F, and we recover the existence of a conditional expectation from F 0,ι to the observable scaling limit net A 0,ι used in the proof of lemma 5.1 in [14] .
It is worth pointing out that our treatment is by no means limited to nets of von Neumann algebras. This should be already clear from the above discussion, and it is further exemplified by the next theorem which, following closely the arguments expounded in [9] , is presented in the setting of nets of C * -algebras, and where, as an application of the above results, we compute the scaling limit of the even part of the free scalar field. A von Neumann algebraic version will follow from the more general theorem 2.11 afterwards.
We will use the description of the scalar field net in terms of time-zero fields and locally Fock representations as in [9] , as well as the main results of that paper. In particular, we consider the case where Γ = R d , d = 3, 4. Also, we associate to the free scalar field of mass m ≥ 0 the net of C * -algebras O → F (m) (O) obtained by considering the elements of the canonical net of von Neumann algebras of the free scalar field of mass m which are norm-continuous under translations. This net is conveniently isomorphically represented on the Fock space of the massless scalar field by local normality, see [9] for details.
Since we deal with nets of C * -algebras, in the following result it is understood that the scaling limit of a net F of C * -algebras is defined as F 0,ι (O) = π 0,ι (F(O)), without weak closure. Furthermore, we denote by 0,ι;r → F (0) be the isomorphism onto the net of the massless scalar field, whose existence is proven in [9] . We will show that φ ↾ A 
Then each outer regularized scaling limit net
where, in the second equality, we have used the fact that β commutes with the dilations σ λ as defined in [9, eq. (2.6)], and in the third equality the fact that A λ is β-invariant for each λ. Therefore φ(π 0,ι (A)) ∈ A (0) (O) = F (0) (O) Z 2 , and then
thanks to the outer regularity of A (0) (O). Conversely, φ being an isomorphism, any element A ∈ A (0) (O) is of the form A = φ(π 0,ι (F 1 )) for any O 1 ⊃Ō and for some
, which is obviously weakly continuous and commuting with the dilations. Then, arguing as above, we have
with m 1 = m 2 has no nontrivial subsystems thanks to the results in [10] , but, according to the above theorem and the results in [15] , any of its scaling limits is isomorphic to A (0) ⊗ A (0) , which has, for instance, the subsystem obtained by taking the fixpoint net with respect to the natural action of SO(2). Therefore, this simple example shows that subsystems can appear in the scaling limit which are not related to subsystems already existing at finite scales.
As anticipated in [15, thm. 4.6 ] the argument in theorem 2.9 carries over to the case of multiplets of free fields acted upon by a compact Lie group G. More precisely, consider a finite symmetric and generating set ∆ of irreducible representations of G and a mass function µ : ∆ → [0, +∞) such that µ(v) = µ(v). Let then F (µ) denote the graded-local net with gauge symmetry in the vacuum sector generated by a v-multiplet of free scalar fields of mass µ(v) for each v ∈ ∆, and A (µ) ⊂ F (µ) the fixed point net of F (µ) under the natural action of G. Again, this net is isomorphically represented on the Fock space H (0) corresponding to µ(v) = 0 for each v ∈ ∆ (see [15] for details). Furthermore, denote by A
0,ι the corresponding inclusion of scaling limit nets. As shown in [15, thm 4.3] there is a spatial net isomorphism θ :
for a suitable net (λ κ ) κ ⊂ R + , and where δ λ is the adjoint action of the dilation group on H (0) .
Theorem 2.11. There is a net isomorphism between A
(µ) 0,ι and A (0) , obtained from θ by restriction.
Proof. Since the action of G on F (µ) is µ-independent [15] , the same is true for the conditional expectation E :
0,ι is the conditional expectation given by proposition 2.7, in order to generalize the above argument it is sufficient to show that θ • E
where in the last equality the norm boundedness of δ −1 λκ (F λκ ) and the normality of E were used.
The essential point in the above proofs is the existence of conditional expectations E . In fact if we consider the general situation of an inclusion B ⊂ F with a conditional expectation of nets E : F → B as discussed above, and we assume that F has a unique (quantum) scaling limit, with isomorphisms φ ι,ι ′ : F 0,ι → F 0,ι ′ , and that the conditional expectations E 0,ι : F 0,ι → B 0,ι introduced in proposition 2.7 satisfy
a similar argument shows that φ ι,ι ′ (B 0,ι ) = B 0,ι ′ , so that B has a unique scaling limit too. This happens in particular if F has a convergent scaling limit as introduced in [2] : we say that a net F has a convergent scaling limit if there exists an inclusion of graded-local netsF ⊂ F such that for each F ∈F there exists lim λ→0 ω(F λ ) and such that, for each scaling limit state ω 0,ι , in the corresponding scaling limit representation one has π 0,ι (F(O)) ′′ = F 0,ι (O). It is easily seen that if a theory has a convergent scaling limit then the scaling limit is unique. Proposition 2.12. Let B ⊂ F be an inclusion of graded-local nets in the vacuum sector, such that F has convergent scaling limit, and let E : F → B be a conditional expectation of nets. Then equation (8) holds. Furthermore B has convergent scaling limit too.
Proof. It is straightforward to show that the unitary V ι,ι ′ :
implements a net isomorphism φ ι,ι ′ : F 0,ι → F 0,ι ′ , and there holds, for eacĥ F ∈F(O),
Furthermore, using the normality of E 0,ι , it is direct to verify that B has a convergent scaling limit by settingB(O) := E(F(O)).
Inclusions with coinciding scaling limits
In the previous section we have discussed situations in which an inclusion of nets gives rise to a proper inclusion of nets in the scaling limit. For completeness, in the present section we provide a general construction of an inclusion of nets such that the corresponding inclusion of scaling limit nets is trivial.
Let (F, α, β, ω) be a graded-local net with gauge symmetry in the vacuum sector. Then the quintuple (F, U, V, Ω, k) is a QFTGA according to [14] , where the representations U 0,ι and V ′ 0,ι of the translations and of G for the scaling limit F 0,ι are introduced. As V ′ 0,ι is not necessarily faithful, we define the closed normal subgroup
The scaling limit net F 0,ι is then obviously covariant with respect to the natural representation V 0,ι of the factor group G 0,ι := G/N . Proof.
readily follows. In order to prove the reverse inclusion, take F ∈ F(O) and define
where the integral is performed with respect to the normalized Haar measure on N and is understood in Bochner sense, cfr. [25] . This is well defined, since,
is a continous function on a compact space, and then its range, being metrizable, is separable. We obtain then that B ∈ F(O). Furthermore, as the function F ∈ F(O) → F λ ∈ F(λO) is norm continuous, and a Bochner integral is a norm limit of Lebesgue sums, we get
having used the invariance of the measure dn. This shows then that B ∈ B(O). Then, using again the norm continuity of n → β n (F ), that of π 0,ι , and the definition of V ′ 0,ι , we get
where the last equality follows from the definition of N . Thus we get π 0,ι (F ) ∈ B 0,ι (O) and the statement of the proposition.
Remarks 3.2.
(i) At first sight, one might think that the above result is a trivial consequence of lemma 5.1.(i) of [14] , but some subtleties in the definition of the relevant scaling algebras prevent the application of the cited result. This is because the definition of the scaling limit net F 0,ι really depends on both the underlying net F and the group G acting on it, through the requirement of norm continuity of functions g ∈ G → β g (F ), F ∈ F. So, if one was willing to apply lemma 5.1.(i) of [14] with A = B, he should define a new scaling netF associated to the datas (F, N ), i.e. in the same way as F but requiring now only continuity of n ∈ N → β n (F ). In general, this would result in a much bigger net than F. Then, application of the cited result would lead to B 0,ι (O) =F 0,ι (O) N/Ñ , where nowÑ is a normal subgroup of N , defined in the obvious way. Also, the scaling limit net would now be acting on a new Hilbert space, in general much bigger than our H 0,ι . There are however cases in which the scaling net F does not really depend on the group G, and then the result of [14] can be applied straightforwardly. For instance, this is the case if G is a finite group, so that the continuity requirement is empty, which entailsF = F,Ñ = N and finally
(ii) The group N is really non-trivial, in general: if φ i , i = 1, . . . , n, are charged generalized free scalar fields with mass measure dρ(m 2 ) = c dm 2 , on which a compact gauge group G ⊆ U (n) acts, and if F(O) is generated by the fields 2 n(O) φ i (f ) with suppf ⊂ O, where n(O) → +∞ as the radius of O shrinks to 0, then the scaling limit net F 0 is trivial [15] , and therefore V ′ 0,ι (g) = I for all g ∈ G, and N = G. More generally, in [15] examples are constructed where N is any closed subgroup of an arbitrary compact Lie group G.
(
, we define the associated "interpolated" scaling algebras as
and the corresponding scaling limit net as
Then it follows at once from the above proposition that C 0,ι (O) = F 0,ι (O).
Scaling of subsystems and Doplicher-Roberts reconstruction
Inside a net of local observables, there are operators with a specific physical interpretation like the energy momentum tensor, or Noether currents associated to (central) gauge symmetries, and the relations between the given net and the subsystem generated by such operators have been thoroughly investigated in [12, 10, 11] from the point of view of Doplicher-Roberts (DR) theory. In the present context, it is therefore natural to analyse the scaling limit of such subsystems and characterize them as subsystems of the scaling limit.
General properties
As a first step in this direction, in this section we deal with the following abstract situation: we consider an inclusion A ⊂ B of Haag dual and Poincaré covariant nets in the vacuum sector as defined in section 2. We also require that the vacuum Hilbert space H B is separable. Thanks to the results in the appendix of [23] (see also the remark in sec. 4 of [14] ), the main results in [17] can be applied to A and B, and we further assume that for the corresponding DR canonical covariant field nets one has F(A) = F(B). Therefore for the canonical DR gauge groups one has that G(B) is a closed subgroup of G(A). Let us fix a scaling limit state ω B 0,ι of B. According to the results in [14] , there exists a scaling limit F(B) 0,ι of F(B) and a quotient G(B) 0,ι of G(B) by a normal closed subgroup N (B) 0,ι defined in analogy to (9) , such that B 0,ι = F(B)
. Furthermore if B 0,ι satisfies Haag duality and if its vacuum Hilbert space is separable, denoting by F(B 0,ι ) the canonical DR field net of B 0,ι , one has that F(B) 0,ι is a fixed point net of F(B 0,ι ) with respect to a certain normal closed subgroup H(B 0,ι ) of the canonical DR group G(B 0,ι ). Thanks to what was shown in section 2, using the corresponding scaling limit state ω A 0,ι := ω B 0,ι ↾ A of A we get similar relations for the nets A 0,ι , F(A) 0,ι and F(A 0,ι ). Summarizing, we get the following result.
Proposition 4.1. With the above notations, the following diagram of inclusions of nets holds:
Proof. As noted above, the horizontal lines follow from the results in [14] , while the first column is a consequence of the discussion in section 2. The second column is immediate from the definition of the scaling limit net and the fact that G(B) ⊂ G(A), and finally the third column follows from the first and [12] .
Notice that, even if F(A) = F(B), the results of [14] do not allow to conclude that F(A) 0,ι = F(B) 0,ι because of the fact that the construction of F(B) 0,ι depends on G(B) (and similarly for F(A) 0,ι ), see [14, 
def. 2.2].
For completeness we also analyse the relations between the different gauge groups that arise in diagram (10) . According to [14, sec. 2, 5] and to the previous discussion, we have groups 
Then, if F
′ ∈ F(B)(O) we can find a norm-bounded sequence F n ∈ F(A)(O) such that π 0,ι (F n ) converges strongly to π 0,ι (F ′ ) as n → +∞. We have then
which, together with the fact that β g is unitarily implemented in π 0,ι , readily gives g ∈ N (B) 0,ι .The injectivity ofφ then clearly follows from N (A) 0,ι ∩ G(B) = N (B) 0,ι .
Field nets with trivial superselection structure in the scaling limit
Until now we have employed the minimal set of assumptions on the scaling limit nets which allow us to make sense of the elements in diagram (10) . In order to proceed further in the discussion of its properties, it is useful at this point to apply the general machinery that has recently become available in the theory of subsystems, which requires some rather natural additional assumptions on the scaling limit nets, see definition 4.6. Partial results on the problem of deriving such assumptions from suitable hypotheses on the underlying nets at scale λ = 1 are discussed below in this section. We hope to give a more thorough analysis of these issues somewhere else.
Below, we present some examples which corroborate the natural conjecture that, at least in typical cases, we have an equality in the last column of diagram (10) . In subsection 4.3, we outline a strategy for proving that F(B 0,ι ) = F(A 0,ι ). Thanks to theorem 4.7, the main point will be to show that A 0,ι = F(B) G(A) 0,ι . Example 4.3. Let B be the net generated by a G-multiplet of massive free scalar fields. Then F(B) = B and G(B) is trivial [18] . Let also A = B G , so that F(A) = B = F(B) and G(A) = G. From the arguments in [15] it is possible to prove that, for each scaling limit state of B, F(A) 0,ι = F(B) 0,ι , and therefore diagram (10) trivially reduces to
The equality F(A) 0,ι = F(B) 0,ι is obtained in the following way: one first observes that F(B) 0,ι ≃ B (0) , the net generated by a corresponding Gmultiplet of massless free scalar fields transforming under the same representation [9, 15] . We recall that in the non-standard free field representation used in [15] (see also sec. 2), for each double cone O based on the time zero plane one has B (0) (O) = B(O). Then, for each such double cone O and each DR G-multiplet ψ j ∈ B (0) (O), we define, for a continuous compactly supported function h on R 4 ,
One then shows, using the same arguments as in the proof of [9, thm. 3.1] , that π 0,ι (α h ψ j ) ∈ F(A) 0,ι (O 1 ) converges strongly to ψ j as h → δ, and therefore, by outer regularity, ψ j ∈ F(A) 0,ι (O), which entails F(B) 0,ι ⊂ F(A) 0,ι . The converse inclusion being trivial, the conclusion follows. this is true seems to be of independent interest but for the time being it will be postponed.
Example 4.5. Suppose that F is a dilatation covariant graded-local net satisfying the Haag-Swieca compactness condition. Since F is considered to have a trivial gauge group, it is net-isomorphic to any of its scaling limit
where (δ λ ) λ>0 are dilatations on F, see [8, prop. 5 .1] (in this reference only observable nets are considered, but the generalization to nets having normal commutations relations is not difficult). Assume now that F = F(A) is obtained as the DR field net of an observable net A, with gauge group G = G(A). Of course the scaling limit F(A) 0,ι of F(A) satisfies F(A) 0,ι ⊂ F 0,ι . We show that the converse inclusion also holds. It suffices to show
′′ , where π 0,ι is, as before, the scaling limit
, where ψ ∈ C(G), andF λ = δ λ (F ), we haveF ∈ F(A)(O) and φ(π 0,ι (F )) =F converges strongly to F as ψ → δ. Therefore, φ being spatial, we obtain the desired inclusion and F(A) 0,ι = F 0,ι . Finally, if we also assume that
To this end, we notice that the isomorphism φ A between F(A) 0,ι and F, defined as in (11), is just the restriction to F(A) 0,ι of the analogous isomorphism φ B between F(B) 0,ι and F. Thus F(A) 0,ι = F(B) 0,ι ≃ F and the conclusion follows from the isomorphisms A ≃ A 0,ι , B ≃ B 0,ι . Therefore diagram (10) becomes in this case
In the remaining part of this section we give a closer look at the situation in which for the nets of von Neumann algebras in the scaling limit there holds F(A) 0,ι = F(B) 0,ι . Actually, we discuss the seemingly more general case in which A 0,ι is the fixpoint net of F(B) 0,ι under a compact group action. 
(split property); (v) there exists at most one fermionic irreducible DHR representation with finite statistics π of F Z 2 inequivalent to the vacuum, and such that every DHR representation of F Z 2 is the direct sum of copies of the vacuum representation and of π (triviality of the superselection structure).
For a discussion of the above properties, in particular the last one, we refer the reader to [10, 11] . Proof. As a first step, we show that F(B) 0,ι ⊂ F(A 0,ι ). To this end, we observe that, since A 0,ι = F(B) Q 0,ι , F(B) 0,ι inside F(B 0,ι ) is generated (by A 0,ι and) by the Hilbert spaces of isometries in F(B 0,ι ) implementing the cohomological extensions to B 0,ι of the covariant DHR sectors of A 0,ι corresponding to the irreducible representations of the compact group Q (see [17, 12] ). On the other hand, the copy of F(A 0,ι ) in F(B 0,ι ) is generated by A 0,ι and the Hilbert spaces of isometries implementing the cohomological extensions to B 0,ι of the covariant DHR endomorphisms with finite statistics of A 0,ι [12, thm. 3.5].
Therefore we obtain that B 0,ι ⊂ F(A 0,ι ) and then the conclusion follows immediately from [17, thm. 3.6.a)] and [11, thm. 3.4] . It would be interesting to know conditions on B (and on ω 0,ι ) which guarantee that F(B 0,ι ) satisfies the assumptions in definition 4.6. It follows from the discussion in [14] that, since we already assumed that B 0,ι satisfies Haag duality, assumptions (ii) and (iii) for F(B 0,ι ) can be deduced from analogous assumptions on B. It is also reasonable to expect that suitable nuclearity requirements on B imply assumption (iv) for F(B 0,ι ), see also the paragraph following proposition 4.13. For what concerns assumption (i), the Reeh-Schlieder property in the scaling limit can be deduced for the algebras B 0,ι (W ) associated to wedges. Finally, theorem 4.7 of [12] allows to deduce property (v) for F(B 0,ι ) from the absence of sectors with infinite statistics for B 0,ι , however it is not clear how to obtain the latter property from the properties of B.
Convergent scaling limits
We now turn to the discussion of the validity of the equality A 0,ι = F(B) Q 0,ι , where actually Q will be a closure of G(A) in a suitable topology, and we provide a sufficient condition for it which has some conceptual flavour. In order to do this we appeal to the notion of convergent scaling limit introduced in section 2, which is suggested by the experience with models in the perturbative approach to QFT, where there is usually no need of generalized subsequences in calculating the scaling limit of vacuum expectation values.
We start by showing that, under the additional assumption that G(B) is a normal subgroup of G(A), the action of G(A) lifts to the scaling algebra F(B) and to each scaling limit theory F(B) 0,ι . For simplicity, we also assume that the geometrical symmetry group Γ coincides with the translations group, but the arguments below carry over to more general choices. 
defines an automorphic action of G(A) on F(B), which is unitarily implemented in the represention π 0,ι corresponding to any scaling limit state ω 0,ι .
Proof. Let F ∈ F(B)(O) and γ ∈ G(A), g ∈ G(B). We get
and, since γ −1 gγ ∈ G(B) by assumption, the right hand side converges to zero as g → e; analogously
converges to x → 0. Therefore we get β γ (F ) ∈ F(B)(O), and obviously γ ∈ G(A) → β γ ∈ Aut(F(B)) is a group homomorphism, albeit not pointwise norm continuous. Let then ω 0,ι be a scaling limit state of F(B). Since ω • β γ = ω, it follows ω 0,ι • β γ = ω 0,ι , and thus there exists a (not strongly continuous in general) unitary representation
, where π 0,ι is the scaling limit representation associated to ω 0,ι . Proof.
In order to prove the converse inclusion, let F ∈ F(B) 0,ι (O) G(A) , and note that, since
, we can choose elements F n ∈B such that π 0,ι (F n ) converges strongly to F as n → +∞. We define
where the integral is defined in the weak topology. It is plain that A n,λ ∈ A(λO) and A n,λ ≤ F n , and furthermore
which gives A n ∈ A(O). Moreover, for fixed n ∈ N, it is possible to find a sequence (λ m ) m∈N such that
Thanks to the G(A)-invariance ofB, β γ (F n ) ∈B so that, for each γ ∈ G(A), there holds
Therefore, by applying Lebesgue's dominated convergence theorem to (12), we conclude that
which, together with the fact that Ω 0,ι is separating for the local algebras, gives us that π 0,ι (A n ) converges strongly to F as n → +∞. [11, sec. 2] , and therefore Q is compact [16] , so that theorem 4.7 gives the statement. The fact that the scaling limit is convergent has been checked in [2] for the theory of a single massive free scalar field. The G(A)-invariance condition used in the above theorem can possibly be shown for the theory of a multiplet of free scalar fields in the following way. If F is the field net generated by such a multiplet, it should be possible, using the same techniques as in [2] , to construct a C * -subalgebraF ⊂ F which is globally invariant under G(A) = G max , the maximal group of internal symmetries of F, 5 and on which a given normal subgroup G(B) ⊂ G(A) acts strongly continuously. Then ifB :=F G(B) ⊂ B, one has thatB is G(A)-invariant thanks to the normality of G(B) in G(A). Moreover,B has the two properties required in the definition of a convergent scaling limit. It is plain that there exists lim λ→0 ω(B λ ) for each B ∈B, as this holds forF, while the property π 0,ι (B(O)) ′′ = B 0,ι (O) follows from the analogous property forF by averaging in the usual way with respect to the strongly continuous action of G(B).
Finally, we notice that the fact that the scaling limit is convergent for the free scalar field depends on the nuclearity properties of the theory.
Without the assumption of a convergent scaling limit, the above proof breaks down because of the necessity of interchanging the integral on G(A) in equation (12) with the limit along a generalized sequence (λ κ ) κ , which is not guaranteed under the present conditions. One can only speculate that additional assumptions (e.g. nuclearity) may provide further insight on this issue. Anyway, if one cannot take the limit under the integral sign in the above discussion, we have to leave open the possibility that A 0,ι F(B)
0,ι , in which case we are left with two mutually exclusive possibilities: either there exists some compact group Q "larger" than (the strong operator closure of) G(A) acting on F(B) 0,ι such that A 0,ι = F(B) Q 0,ι , or there is no such group. In the former case the principle of gauge invariance is restored at the price of "enlarging" the group G(A). As an illustration of the physical meaning of such situation, consider the particular case in which A = F G (i.e. G(B) is trivial and G = G(A), F = F(A) = F(B) = B): then the existence of Q would mean that A 0,ι is the fixed point net of the "wrong" scaling limit field net F 0,ι , defined without any reference to the action of G, and would imply that it is possible to create "new" sectors of A 0,ι by looking at the scaling limit of states where a region of radius λ contains an amount of charge which grows unboundedly as λ → 0. Such sectors should however not be regarded as confined, as they could be created by performing suitable operations at finite, albeit small, scales. A thorough analysis of the structure of such sectors is of considerable interest in itself, and would require going beyond the framework of [14] .
On the scaling of Noether currents
As an application of the above results, we discuss the scaling limit of nets generated by local implementations of symmetries [7] . Let B be a local net and let A ⊂ B be the dual of the net generated by the local implementations of translations of F(B). The validity of the equality A = F(B) Gmax , where G max is the maximal group of internal symmetries of F(B), has been thoroughly discussed in [10, 11] . In short, the above result states that the scaling limit of the net generated by the local energy-momentum tensor contains the net generated by the local energy-momentum tensor of the scaling limit. 6 It is likely that in favourable circumstancesÃ 0,ι = A 0,ι . This is trivially illustrated by the example of the fixpoints of the free field net discussed in the previous section.
In the case in which the scaling limit of B is not convergent, one has to look back at theorem 4.7. In turn, one should be able to show by similar methods an analogous result for more general Noether currents, cf. [11] .
An issue that should be taken into account is the fact that the split property is not necessarily preserved in the scaling limit. This somehow unpleasant feature, although strictly speaking ruled out by our assumptions, can partly justify at a heuristic level the possibly strict inclusion of nets that we obtained in theorem 4.12. In fact, in that case one cannot even define the local implementers of the scaling limit although it still makes sense to consider the scaling limit of the net generated by the Noether charges of the original theory.
Examples of local nets satisfying the split property but whose scaling limit does not satisfy it can be easily found. A related problem is to provide conditions on B ensuring that F(B 0,ι ) enjoys the split property. By the results in [5, cor. 4.6] , some conditions on B 0,ι are known to imply suitable nuclearity properties of F(B 0,ι ), which in turn imply the split property by [6, sec. 4] . On the other hand, the methods employed in [4, thm. 4 .5] to prove nuclearity properties of the scaling limit theory B 0,ι starting from certain phase space behaviour of the underlying theory B can possibly be adapted to show that (some of) the conditions on B 0,ι considered in [5] follow from appropriate nuclearity requirements on B.
Preserved sectors
The notion of preserved DHR sector has been introduced in [14, def. 5.4] . In the spirit of the present paper a natural question concerns the relation between the preservation of DHR morphisms with finite statistics of A and B. Clearly, the cohomological extension property of morphisms plays again a crucial role. In particular, it is reasonable to expect that if all the morphisms of B are preserved, then the same will be true for the morphisms of A, since the Hilbert spaces of isometries in F(B) implementing the cohomological extension to B of a given morphism of A would satisfy the preservation condition. Possible applications of such result include a generalization of the theorem in the previous section, where we replace F(A) 0,ι and F(B) 0,ι with the subnets generated by the isometries associated to the (scaling limits of the) preserved sectors, which should be automatically independent of the gauge groups, and therefore coincide.
However, what is missing in the above argument is the fact that the analysis in [14] has been carried out only for irreducible morphisms (while the extension maps in general irreducible morphisms to reducible ones) and, although there is no apparent obstruction for extending it to the reducible case, in the reminder of this short section we will limit ourselves to some simple remarks, postponing a thorough analysis of this point to future work.
We consider the situation outlined at the beginning of section 4.1, i.e. an inclusion A ⊂ B of Haag dual and Poincaré covariant nets in the vacuum sector with F(A) = F(B), and scaling limit states ω B 0,ι of B and ω A 0,ι = ω B 0,ι ↾ A of A. In the following result we make use of the notion of asymptotic containment, introduced in [14, def. 5.2].
Proposition 4.14. Let ξ be a ω A 0,ι -preserved class of DHR morphisms of A, and let ψ j (λ) ∈ F(λO) be an associated scaled multiplet which is asymptotically contained in F(A). Then the cohomological extensionξ of ξ to B is ω B 0,ι -preserved, with ψ j (λ) an associated scaled multiplet asymptotically contained in F(B).
Proof. If ρ λ is the DHR morphism of A in the class ξ localized in λO implemented by the multiplet ψ j (λ), then its cohomological extensionρ λ is in the classξ, still localized in λO and also implemented by ψ j (λ). Now, since F(A) ⊂ F(B), it is immediate to conclude that ψ j (λ) is asymptotically contained in F(B), and thereforeξ is ω B 0,ι -preserved.
We define F(A) pres 0,ι as the net generated by A 0,ι and the scaling limits of scaled multiplets asymptotically contained in F(A) associated to ω A 0,ι -preserved sectors of A, see prop. 5.5 in [14] . Likewise we define F(B) 
Final comments
We end this paper with few comments on further possible extension of the results presented above, in addition to those already mentioned in the main body.
Given a subsystem A ⊂ B as in section 4, we assumed that F(A) = F(B). However in general it holds F(A) ⊂ F(B) [12] and, in the situation considered in [10, 11] , it is shown that F(A) = F(B) ⊗ C (graded tensor product) for a suitable net C . Therefore, in order to treat this more general framework, one should generalize the results about the scaling limit of tensor product theories in [15] .
Another natural example of subsystem, to which most of our results don't apply, is provided by the inclusion A ⊂ A d of a net into its dual, a situation that arises typically when there are spontaneously broken symmetries. The analysis of the structure of such subsystems in the scaling limit has some interest as it could possibly simplify the study of the relations between the superselection structures of A and of A 0,ι . For instance, sufficient conditions on A which imply essential duality, but not duality, of A 0,ι are known, so it would be interesting to know when the scaling limit of A d coincides with the dual of A 0,ι .
We conclude by mentioning few very intriguing but rather speculative ideas. In [14] it has been shown that it is possible to formulate conditions on the scaling limit of a theory which imply the equality of local and global intertwiners. There are other long-standing structural problems in superselection theory that could hopefully be related one way or another to the short distance properties of the theory. Just to give some example, we cite here the problem of recovering pointlike Wightman fields with specific physical interpretation out of local algebras (i.e., a full quantum Noether theorem), and that of ruling out the existence of sectors with infinite statistics.
